Introduction: background and notation {#Sec1}
=====================================

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=\langle G,+,0\rangle $$\end{document}$ be a group, written additively but not necessarily abelian, with neutral element 0. The structure of the near-ring $\documentclass[12pt]{minimal}
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                \begin{document}$$C_0 (G)=\langle C_0 (G),+,\circ \rangle $$\end{document}$ of zero fixing congruence preserving functions on *G* has been the topic of several previous investigations \[[@CR1], [@CR4]\]. In this paper we initiate the study of characterizing those groups *G* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$C_0 (G)$$\end{document}$ is a ring.

This investigation also has roots in universal algebra. Recall that a unary polynomial function $\documentclass[12pt]{minimal}
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                \begin{document}$$p(x):=a_0 +k_0 x+a_1 +k_1 x +\cdots +a_{n-1}+k_{n-1}x+a_n ,x\in G, n$$\end{document}$ a nonnegative integer, $\documentclass[12pt]{minimal}
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                \begin{document}$$a_0 ,a_1 ,\dots ,a_n \in G, k_0 ,\dots ,k_{n-1}\in \mathbb {Z}$$\end{document}$. We let $\documentclass[12pt]{minimal}
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                \begin{document}$$P_0 (G)=\langle P_0 (G),+,\circ \rangle $$\end{document}$ denote the near-ring of zero preserving polynomial functions on *G* (See \[[@CR1], [@CR11]\].)
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                \begin{document}$$C_0 (G)$$\end{document}$ is a subnear-ring of the near-ring $\documentclass[12pt]{minimal}
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                \begin{document}$$M_0 (G):=\{f:G\rightarrow G\mid f(0)=0\}$$\end{document}$ of zero fixing self maps on *G* where, as usual, the operations in $\documentclass[12pt]{minimal}
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                \begin{document}$$M_0 (G)$$\end{document}$ are pointwise addition of functions and composition of functions. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Inn }(G)$$\end{document}$ denote the semigroup (under composition) of inner automorphisms of the group *G* and let *I*(*G*) denote the subnear-ring of $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Inn }(G)$$\end{document}$. From the definitions we see $\documentclass[12pt]{minimal}
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                \begin{document}$$P_0 (G)=I(G)$$\end{document}$.
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                \begin{document}$$f\in C_0 (G)$$\end{document}$. Then by definition, for each congruence, $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ of *G*, for each $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y\in G,\,x\rho y$$\end{document}$ implies $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)\rho f(y)$$\end{document}$. As is well-known, there is a lattice isomorphism between the congruence lattice, $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Con}(G)$$\end{document}$, of congruences on *G* and the lattice, $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta (G)$$\end{document}$, of normal subgroups of *G*. Thus $\documentclass[12pt]{minimal}
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                \begin{document}$$f\in M_0 (G)$$\end{document}$ is congruence preserving if *f* is compatible with every normal subgroup of *G*. That is for $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y\in G$$\end{document}$ we have $\documentclass[12pt]{minimal}
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                \begin{document}$$H\in \eta (G)$$\end{document}$.

Recall for any subgroup *H* of *G* the *normal closure* of *H* in *G*, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{H}$$\end{document}$, is defined by $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{H}=\bigcap \{N\unlhd G\mid H \subseteq N\}$$\end{document}$. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\langle x\rangle }$$\end{document}$, the principal closure of *x*. Thus we get the following characterization of congruence preserving functions: Let $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y\in G$$\end{document}$.

Using the above definitions one finds that every zero fixing unary polynomial on *G* is congruence preserving so $\documentclass[12pt]{minimal}
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                \begin{document}$$I(G)=P_0 (G)\subseteq C_0 (G)\subseteq M_0 (G)$$\end{document}$. If every congruence preserving function is also a polynomial then the group *G* is said to be *1-affine complete*. Finite abelian 1-affine complete groups have been characterized by Nöbauer \[[@CR14]\]. All 1-affine complete groups of order up to 100 can be found in \[[@CR17]\]. In relation to our problem under consideration, $\documentclass[12pt]{minimal}
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                \begin{document}$$P_0 (G)$$\end{document}$ is a ring and *G* is 1-affine complete.
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                \begin{document}$$I(G)=P_0 (G)$$\end{document}$ is a ring \[[@CR8]\]. A group *G* is said to be a 2-Engel group if $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y\in G$$\end{document}$. Equivalently (see \[[@CR8], [@CR12], [@CR13]\]) *G* is a 2-Engel group if every element of *G* commutes with all of its conjugates. A 2-Engel group *G* is nilpotent of class at most 3 and, for finite groups, a 2-Engel group of class 3 must be a group of order 3$\documentclass[12pt]{minimal}
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                \begin{document}$$^n$$\end{document}$. The smallest 2-Engel group of class 3 is the Burnside group, *B*(3, 3), of order 3$\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
-----------

(Chandy) The near-ring *I*(*G*) is a ring if and only if *G* is a 2-Engel group. Moreover, *I*(*G*) is a commutative ring if and only if *G* is of class 2.

In the remainder of this paper we restrict to finite groups *G*. In the next section we first show when considering $\documentclass[12pt]{minimal}
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                \begin{document}$$C_0 (G)$$\end{document}$ we may restrict to *p*-groups, *p* a prime. Using results of Nöbauer \[[@CR14]\] we completely characterize those finite abelian groups *G* such that $\documentclass[12pt]{minimal}
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In Sect. [3](#Sec3){ref-type="sec"} we turn to nonabelian groups and find several necessary conditions for $\documentclass[12pt]{minimal}
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                \begin{document}$$C_0 (G)$$\end{document}$ to be a ring. In this section we focus on certain properties of the lattice $\documentclass[12pt]{minimal}
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                \begin{document}$$p^n ,\,1\le n\le 5,\,p>2$$\end{document}$.

The abelian case {#Sec2}
================

We begin this section by showing that, for finite groups, we can restrict to *p*-groups, where as usual *p* denotes a prime integer. We use results of Nöbauer, \[[@CR14]\], to obtain this restriction.

We recall from \[[@CR14]\] that a direct sum $\documentclass[12pt]{minimal}
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                \begin{document}$$G=G_1 \oplus \cdots \oplus G_n$$\end{document}$ is said to be *skew-free* if every congruence $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta (G)$$\end{document}$, the lattice of normal subgroups of *G*.

Theorem 2.1 {#FPar2}
-----------
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                \begin{document}$$\rho \in C_0(G)$$\end{document}$ is a near-ring isomorphism.

From straight forward calculations one finds the following theorem and corollary.

Theorem 2.2 {#FPar3}
-----------

Let *G* be a finite nilpotent group, $\documentclass[12pt]{minimal}
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Corollary 2.3 {#FPar4}
-------------

Let *G* be a finite group with Sylow decomposition as in Theorem [2.2](#FPar3){ref-type="sec"}. Then $\documentclass[12pt]{minimal}
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                \begin{document}$$i\in \{1,2,\dots ,n\}$$\end{document}$.

Hence we only need to consider groups, *G*, of prime power order when investigating the structure of the near-ring, $\documentclass[12pt]{minimal}
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                \begin{document}$$C_0 (G)$$\end{document}$, of zero fixing congruence preserving functions on *G*.

We now turn to abelian groups. We need a further result of Nöbauer \[[@CR14]\].

Theorem 2.4 {#FPar5}
-----------

\[[@CR14], Satz 3,4\] Let *p* be a prime, $\documentclass[12pt]{minimal}
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Theorem 2.5 {#FPar6}
-----------

Let *A* be an abelian group of prime power order. The following are equivalent:*A* is 1-affine complete;$\documentclass[12pt]{minimal}
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Proof {#FPar7}
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Corollary 2.6 {#FPar8}
-------------
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-----
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Lattice conditions {#Sec3}
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We start with some conditions on the congruence lattice, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {Con}(G)$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {Con}(G)$$\end{document}$ is lattice isomorphic to the normal subgroup lattice, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta (G)$$\end{document}$, we often state our properties in terms of normal subgroups.

We recall that *G* must be a 2-Engel group, and thus nilpotent of class at most 3, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0 (G)$$\end{document}$ to be a ring.

Our first lattice concept is that of splitting pair. This property has been used previously \[[@CR3], [@CR5], [@CR15]\]. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D,E\in \eta (G),\,D\subset G,\,\{0\}\subset E$$\end{document}$. The pair (*D*, *E*) is called a *splitting pair* if for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\in \eta (G),\,N \subseteq D$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N \supseteq E$$\end{document}$. If *G* has a splitting pair then *G* *splits*.

Now let (*D*, *E*) be a splitting pair for *G* and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\ne b\in E$$\end{document}$. Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:G\rightarrow G$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(x)= {\left\{ \begin{array}{ll} 0, &{} x\in D\\ b, &{} \text {otherwise.} \end{array}\right. } \end{aligned}$$\end{document}$$We show $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in C_0 (G)$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y\in G$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H\in \eta (G)$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x+H=y+H$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E\subseteq H$$\end{document}$ then since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)-f(y) \in \{-b,0,b\} \subseteq E$$\end{document}$ we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)+H=f(y)+H$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H\subseteq D$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in D$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x+H\subseteq D$$\end{document}$ and so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y+H\subseteq D$$\end{document}$ which means $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in D$$\end{document}$. By symmetry if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\notin D$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\notin D$$\end{document}$, hence in both cases $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)+H=f(y)+H$$\end{document}$. This establishes that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in C_0 (G)$$\end{document}$. Now if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0 (G)$$\end{document}$ is a ring then for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\notin D,\,[f\circ (\text {id}+\text {id})](v)=[(f\circ \text {id}+f\circ \text {id})](v)$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(2v)=2f(v)$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2v \notin D$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b=2b$$\end{document}$, which contradicts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\ne 0$$\end{document}$. Therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2v \in D$$\end{document}$ and further $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0=2b$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\ne b$$\end{document}$ was arbitrary in *E* we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E\cong (\mathbb {Z}_2 )^n$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n>0$$\end{document}$. This establishes:

Theorem 3.1 {#FPar10}
-----------

Let *G* be a finite group such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\not \mid | G|$$\end{document}$. If *G* splits then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0 (G)$$\end{document}$ is not a ring.

Proof {#FPar11}
-----

From the above discussion, when *G* splits then *G* has a subgroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E\cong (\mathbb {Z}_2 )^n ,\,n>0$$\end{document}$ which is a contradiction since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\not \mid | G|$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

In particular if *G* is a finite *p*-group, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>2$$\end{document}$, and *G* splits, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0 (G)$$\end{document}$ is not a ring. The situation is different in the non-split case as the next examples illustrate. These examples and some of the calculations have been done with GAP using the package Sonata \[[@CR2]\].

Example 3.2 {#FPar12}
-----------

Group with GAP index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3^7 /6010$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=\langle e_1 ,e_2 ,e_3 ,e_4 ,c_1 ,c_2 ,c_3 \rangle ,\,3e_i =3c_j =0,\,[e_i ,c_j ]=[c_k ,c_j ]=0,\,[e_1 ,e_2 ]=c_1 ,\,[e_1 ,e_3 ]=c_2 ,\,[e_2 ,e_3 ]=c_3$$\end{document}$ otherwise $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[e_l ,e_m ]=0,\,i=1,2,3,4,\,j,k=1,2,3$$\end{document}$. Thus *G* is a group of exponent 3, nilpotent of class 2 with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\prime =\langle c_1 ,c_2 ,c_3 \rangle \subseteq Z(G)$$\end{document}$ \[[@CR9]\]. From GAP, *G* does not split but is 1-affine complete so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0 (G)$$\end{document}$ is a ring since nilpotent of class 2 means *G* is 2-Engel.GAP index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3^7 /6576$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=\langle e_1 ,e_2 ,e_3 ,e_4 ,c_1 ,c_2 ,c_3 \rangle ,\,3e_i =3c_i =0,\,[e_i ,c_j ]=[c_k ,c_j ]=0,\,i=1,2,3,4,\,j,k=1,2,3$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[e_1 ,e_2 ]=c_1 ,\,[e_1 ,e_3 ]=[e_2 ,e_4 ]=c_2 ,\,[e_3 ,e_4 ]=c_3$$\end{document}$, otherwise $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[e_m ,e_l ]=0$$\end{document}$. Again *G* is of exponent 3, nilpotent of class 2, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\prime =\langle c_1 ,c_2 ,c_3 \rangle \subseteq Z(G)$$\end{document}$ \[[@CR9]\]. Using GAP, *G* does not split and is not 1-affine complete. We show $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0 (G)$$\end{document}$ is not a ring. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in G,\,x=\alpha e_1 +\beta e_2 +\gamma e_3 +\delta e_4 +d$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\in G^\prime $$\end{document}$. Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:G\rightarrow G$$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(x)= {\left\{ \begin{array}{ll} 2(c_1 +c_2 +c_3 ), &{} \text {if }\beta +\gamma =3,\\ 2c_3 , &{} \text {if }\beta =0,\gamma \ne 0,\\ 2c_1 , &{} \text {if }\beta \ne 0,\gamma =0,\\ 2c_1 +c_2 +2c_3 , &{} \text {if }\beta =\gamma \ne 0,\\ 0, &{} \text {otherwise.} \end{array}\right. } \end{aligned}$$\end{document}$$ Calculations show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in C_0 (G)$$\end{document}$. Now $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\circ (\text {id}+\text {id})(e_3 )=f(2e_3 )=2c_3$$\end{document}$ while $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(f\circ \text {id}+f\circ \text {id})(e_3 )=2c_3 +2c_3 =c_3 \ne 2c_3$$\end{document}$. Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0 (G)$$\end{document}$ is not a ring.
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We turn to another lattice condition, a particular case of a splitting pair. If (*D*, *E*) is a splitting pair for $\documentclass[12pt]{minimal}
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Lemma 3.6 {#FPar18}
---------
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Proof {#FPar19}
-----
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Theorem 3.7 {#FPar20}
-----------

Let *G* be a finite nonabelian *p*-group such that *G* cuts. Then $\documentclass[12pt]{minimal}
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Proof {#FPar21}
-----

Let *I* be a cutting element. If *G* is of nilpotency class greater than 3 then *G* is not 2-Engel, hence $\documentclass[12pt]{minimal}
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Structural conditions {#Sec4}
=====================

In this section we focus on group theoretical properties of a group *G* to determine when $\documentclass[12pt]{minimal}
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-----------
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We actually have a little more.

Corollary 4.2 {#FPar24}
-------------

If *G* is a nonabelian *p*-group, $\documentclass[12pt]{minimal}
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Proof {#FPar25}
-----

From the proof of Theorem [4.1](#FPar22){ref-type="sec"} we get if $\documentclass[12pt]{minimal}
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Corollary 4.3 {#FPar26}
-------------

Let *G* be a *p*-group, $\documentclass[12pt]{minimal}
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Proof {#FPar27}
-----

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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We remark that Example [3.5](#FPar17){ref-type="sec"} shows that Corollary [4.3](#FPar26){ref-type="sec"} does not hold for $\documentclass[12pt]{minimal}
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Recall that a group *G* is abelian by cyclic, or *G* is said to be an extension of an abelian group by a cyclic group if there exists an abelian normal subgroup *A* of *G* such that *G* / *A* is cyclic. For finite *G* one may always take *A* to be a maximal abelian normal subgroup.

Theorem 4.4 {#FPar28}
-----------

Let *G* be a nonabelian *p*-group, $\documentclass[12pt]{minimal}
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Proof {#FPar29}
-----

We let *A* be a maximal abelian normal subgroup such that $\documentclass[12pt]{minimal}
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Using this decomposition we define $\documentclass[12pt]{minimal}
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Corollary 4.5 {#FPar30}
-------------

Let *G* be a nonabelian *p*-group, $\documentclass[12pt]{minimal}
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Proof {#FPar31}
-----
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As we did following Theorem [4.1](#FPar22){ref-type="sec"}, we again show that under the hypothesis of Theorem [4.4](#FPar28){ref-type="sec"}, $\documentclass[12pt]{minimal}
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Theorem 4.6 {#FPar32}
-----------

Let *G* be a *p*-group, nilpotent of class 2, which is abelian by cyclic. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta (G)$$\end{document}$ splits.

Proof {#FPar33}
-----

As above we let *A* be a maximal abelian normal subgroup with $\documentclass[12pt]{minimal}
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